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ABSTRACT. We consider a new type of iteration of n entire functions and study some growth 
properties. 


1. INTRODUCTION, DEFINITIONS AND NOTATIONS 


If f and g be two transcendental entire functions defined in the open complex plane C, then 
lee = œ and limi oye = oo. In [15], Singh proved 


some comparative growth properties of logT(r, fog) and T(r, f) and raised the problem 








Clunie [5] proved that lim,_,.. 


of investigating the comparative growth properties of logT (r, fog) and T(r, g). After this 
several authors {see [4], [10], [11] etc.} made close investigation on comparative growth of 
logT (r, fog) and T(r,g) by imposing certain restrictions on orders of f and g. 
In [8] Lahiri and Banerjee introduced the concept of relative iterations of f(z) with respect 
to g(z) as follows: 
filz) = F(z) 
folz) = F(g(z)) = F(m(z)) 
fa(z) = F(9(F(2))) = Flga(2)) = Fla) 


fale ps tg F or g(z))...according as n is odd or even))) 

and so are gn(2). 

Using this idea of relative iterations growth properties of iterated entire functions have been 
studied closely by many authors {see [1],[2],[3], [6] } to achieve great results. But in this 
paper we consider a more general situation by taking n entire functions and form a new 
type of iteration [defined below] to study the comparative growth of iterations of n entire 
functions that includes some previous results. 

For n entire functions f(z), fo(z),..., fn(z), let 
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Fale) = falfa l D) = falFn-1(Z)), n 2 2. 
Following Sato [14], we write logx = x, erp zx = x and for positive integer m, log!™!a = 


[ra] [m—1] 


log(log’’ Nx), exp!x = exp(exp z). 
First we need the following definitions. 
Definition 1.1. The order py and the lower order Aş of a meromorphic function f are 


defined as 


logT(r, f) 
pf = lim sup —_——— 
ESO logr 
and 
logT 
Aş = lim inf logT(r, F) 
r= oo logr 
If f is entire then 
: log?! M(r, f) 
pf = lim sup —————— 
r00 logr 
[2] 
and a 
r—00 logr 


Definition 1.2. The hyper order p; and hyper lower order Ay of a meromorphic function f 
are defined as 


it 2 log?IT(r, f) 
pr = lim sup a 
r—0oo ogr 
and 7 
n log?lT 
X, = lim inf log“ T trf). 
r= 00 logr 
If f is entire then 
oe ee logi M (r, f) 
Py = lim sup e a 
r—00 ogr 
and 
= log?! M 
veina e 
r= oo logr 


Definition 1.3. A function ;(r) is called a lower proximate order of a meromorphic func- 
tion f if 

(i) Ay(r) is nonnegative and continuous for r > ro, say; 

(ii) Az(r) is differentiable for r > ro except possibly at isolated points at which Apr — 0) 
and Aplr + 0) exist; 

(iii) lim, Ayr) = Àf < œ; 

(iv) lim, rX;(r)logr = 0; 
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and (v) lim inf, TED =]. 


Throughout we assume f(z), fo(z),....fn(z) be n non-constant entire functions having 
orders pf, and lower orders As, (k = 1,2,.....n) respectively. Also we follow Hayman [7] for 


standard definitions, terminologies and conventions. 


2. LEMMAS 


The following lemmas will be needed in the sequel. 
Lemma 2.1. [1] For two non-constant entire functions f(z) and g(z) 


logM(r, f(g)) < logM(M(r, g), f), r > 0. 


Lemma 2.2. [7] Let f(z) be an entire function. For 0 <r < R < œ, we have 
R+r 
R-r 
In particular, for large r, T(r, f) < logM(r, f) < 3T (2r, f). 





T(r, f) < log™M(r, f) < T(R, f). 


Lemma 2.3. [13] Let f(z) and g(z) be two entire functions. Then we have 


T(r, f(g) = slogM(GM(=, 9) +00), f). 


Lemma 2.4. [9] Let f be an entire function. Then for k > 2 


tog M(x, f) 
Ma log ATC, f) 





Lemma 2.5. [11] Let f be a meromorphic function. Then for (> 0) the function rit?) 


is an increasing function of r. 


Lemma 2.6. [12] Let f be an entire function of finite lower order. If there exist entire 
functions a;(i = 1,2,3,...n; n < œ) satisfying T(r, a;) = o{ T(r, f)} and 


then 
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Lemma 2.7. Let f1(z), falz), -.., falz) be such that 0 < Az, < pf, < co where i = 2,3,4,...,n. 
Then for arbitrary € > 0 and for large r 


log” "T(r, Fa) < (Phos + €)logM (r, Fe) + OC) 
and 
; 


log” "T(r, Fa) = fas — logM(F 


wherel1<k<n-l1. 


, Fk) + O(1) 


Proof. We get from Lemma 2.1 and Lemma 2.2 for all large values of r and € > 0 


T(r, Fa) < logM (r, Fn) 
< logM(M(r, Fr-1), fn) 
< M(r, Fa)": 
or,logT (r, Fa) < (pj, + logM(M(r, Fa-2); fa) 
< (Pr, + OM (r, Fao) 
i.e., log” T(r, Fa) < (p;,_, + €)logM (r, Fa-2) + O(1). 


Repeating the process at some stage, we have 








log”-"T(r, Fr) < (Pfr + E)logM (r, Fk) + O(1), 
where l <k<n-1. 


Again for choosing e (0 < e < min{Ay,;i = 2,3,4,...,n}) we have from Lemma 2.2 and 
Lemma 2.3 and for all large values of r 


1 1 r 
T(r, Fa) > =logM(-M(-, 
(r, Fn) > slogM(5M(- 


’ Fpa) 


F,-1) + O(1), fn) 


i 
4 
ie, logT(r, Fn) = (Aj, — €)logM (Z, Fra) + O(1) 


Sip aT Fra) + O(1) 


1.1 r 
-J M(— 
319 (2 


or, log”lT(r, Fa) > (Afra log (5, 


2 Ame) Faa) + O(1) 


RRON: 
Repeating the process at some stage, we have 


r 


log”™T(r, Fa) > Afa = e)logM (= 


where 1<k<n-l. 


, Fy) + O(1) 
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3. ‘THEOREMS 


In this section we present the main results of the paper. 
Theorem 3.1. Let fi, fo,..., fn be entire functions having positive lower orders. Then 


(i) 





NE: logr "T(r, Fa) à 
m ini T(r, Fẹ) S SP frp 2 F, 
(ü) 

À fega 
(407k) Ar, 





l log!" (r, Fn) 
lim sup 


> 
Too T(r, Fy) E 


where l<k<n-l. 


Proof. We may clearly assume 0 < Ay, < py, < œ where i = 1,2,3,...,n — 1. 
Now from Lemma 2.7 and for arbitrary € > 0 


(3.1) log" "T(r, Fa) < (Pf + QlogM(r, Fk) +O), 1<k<n-1. 
We choose € > 0 such that e < min{1, As; i = 2,3,4,...,n}. 
Since 
T(r, F; 
timing 0 Fe) _ 1 





rT oo prF rR (r) 


there is a sequence of values of r tending to infinity for which 


(3.2) T(r, Fp) < (1 +6)r*Fe™ 

and for all large values of r 

(3.3) T(r, Fy) > (1 — e)ròr 0, 

Thus for a sequence of values of r tending to infinity, we get for any 6 > 0 


logM(r,Fk) < 30 (2r,Fk) ¢ __3(L+e)(2r)*Fe* 1 3(L+€) Ar, +6 
T(r,Fk) > T(r,Fk) Z (1—e)(2ry Fr to AF, OP) AFO) a Te 


increasing function of r by Lemma 2.5. 


, because 1>¥0t9->F,) is an 








Since €,0 > 0 be arbitrary, we have 


. . .logM(r, Fx) 
fe 
a Me TC, P) 


Therefore from (3.1) and (3.4) we get 


i wap OG NL", Fn) 
roo T(r, Fe) 


< 3.2Fk, 


< 3p, 2™, where 1<k<n-1. 





This proves (i). 
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Again we have from Lemma 2.2, Lemma 2.7 and (3.3) 


r 


log" "T(r, Fn) > (Ar — log M (z Fr) +00) 
> (fers zon Gap Fe) ol) 





| (ye? 
2 Afigs — ML — (1 + o(1)) 





(aa abe 


+6—Ap, (r) 


Since r^™x is an increasing function of r, we have 





log "T(r, Fn) = (fer: — —)(1 — €)(1 + 0(1)) 


for all large values of r. 
So by (3.2) for a sequence of values of r tending to infinity 


l-e T(r, Fy) 
1+ (l I o(1)) (4n-k) AR, tS 





log?’“"IT (r, Fa) 2 Afaa — ©) 


Since €, ô > 0 be arbitrary, it follows from the above that 





lim sup eu L > Afen l 
TENSO T(r, Fy) (4n-k) Ar, 
This proves (ii). 
Example 3.1. Let fi(z) =z, fo(z) =z, fs(z) = expz. Then As, = Ay, = 0 and Ay, = 1. 
Now for n = 3 and k = 2, F,(z) = expz and F,(z) = z, so that T(r, Fa) = =, T(r, Fe) = 
logr and Ap, = 0. 











Therefore, 

log" "T(r, Fa) _ logt 

T(r, Fẹ) -— logr’ 
So, 
log” "T(r, Fn) 
lim su : =N 
cei T(r, Fy) 
A 

Also ae = a =]. 


So from this example we can say that if the function are not of positive lower orders then 
the theorem is also true. 


Theorem 3.2. Let fı, fo,..., fn be such that Ap, (k = 1,2,3, ...,n—1) are non zero finite. Also 
there exist entire functions a;(j = 1,2,3,...,n; n < œ) satisfying T(r,a;) = o{T (r, Fk)} as 
r — œ and X; 6(a;, Fr) = 1. 

Then 





[n—k] 
TÀ fuss < lim sup log T(r, Fa) 


—— < 
(4r—-k) Ar, T—-0o T(r, Fy) E TP fits 
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wherel<k<n-—1. 


Proof. If Ay,,, = 0 then the first inequality is obvious. Now we suppose that Af > 
OE S18 yO). 
Choose e > 0 such that e < min{1,A;,; for i = 2 ton }. Then we have from Lemma 2.7 
and for all large r 


log”—"T (r, F,) logM (zæ, Fr) 
> 5 FO 
egy gas 








log!"-*IT(r, F,) logM (m, Fk) T(m Fe) | 


(B5) ie, Sappy 7 Onn e TCR) TGF + O(1). 








Also from (3.2) and (3.3) we get for a sequence of values of r —> oo and ô > 0 


Dae Pe) Se (qe) ean) 
T(r,F,) Ie Pre) 














yiz (p) t 1 

= Le (phy) tea ten, Game) pn, 
a 1—e 1 

T Le (40=k)AF $8? 





because r¥«t®—".(") is an increasing function of r. 


Since €, ô > 0 be arbitrary, so using Lemma 2.6, we have from (3.5) 


log? T(r, Fn) TX fy 
li BU H 
ao T(t, Fe) (48) 





If py,,, = œ, the second inequality is obvious. So we may suppose pf,,, < 00. 
Now from Lemma 2.7 we get 

















log’“"IT(r, Fa) < (ae Tv e)logM (r, Fx) + O(1) 
log-ĦT(r, Fa) logM(r, Ti 
g FOLI 
oe Teeny a PO 
1 
< (P fesi €) T(r,Fk) | eu): 
logM (r,Fr) 


Now from Lemma 2.6 we have 


i log” "T(r, Fn) 
1m SU 
ee T(r, Fy) 


Since € > 0 is arbitrary, so we write 





< TCP fega as €). 





; logIT (r, Fn) 
lim sup 


< ; 
Ee T(r, Fy) — TP fki 
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This proves the theorem. 


Theorem 3.3. Let fi, fo,..., fn be such that O < A>, < pz, < œ, where i = 2,3,...,n. Then 
form = 0,1,2,... 


Ta 











l [n-k+2] 7 F, l [n-k+2] 7 F, F 
< liminf ee (r, Fn) < limsu a (r, Fn) AEL 


PF, r>% | logT(r, F™) r>œ  logT(r, F™) ~ AR, 


where p denotes the m derivative of Fy and1 <k<n-l1. 


Proof. For given e (0 < € < min{A;,, i = 2 to m}) we get from Lemma 2.2 and Lemma 
2.7 for all large values of r 


log" "T(r, Fa) > (fer — cjlogM (=p. Fi) + O(1). 
So, log?-***IT(r, F,) > log? IT( Fk) + O(1). 


So for all large values of r 





log" "IT (r, F,) Z log” T (sa, Fx) + O(1) 
log (r, Fy) dog T(r, Fx”) 





log"-+21T (r, F,) ss log?IT (ze, Fr) logy 


36 i.e., > a 
(25) logT (r, p 109 īa logT (r, Fm) 





+ o(1). 


For all large values of r and arbitrary e > 0 we have 


(3.7) logT (r, Fi”) < (pr, + €) logr. 


Since € > 0 is arbitrary, so from (3.6) and (3.7) we have 


log? AT (r, Fa) y Àr, 


(3.8) lim inf ote > R, 
r>œ  logT(r, F”) P Fk 





Again from Lemma 2.7, for all large values of r 


log IT (r, Fa) _ log?! M(r, Fh) 


3.9 < 
(R logT (r, F) logT (r, F) 





+ o(1). 


Also for all large values of r and arbitrary e (0 < € < Ar, k = 1 ton) we have 


(3.10) logT (r, FX) > (Ap, — ©) logr. 
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Since € > 0 is arbitrary so from (3.9) and (3.10) we have, 





l [n-k+2] 7 F, 7 
(3.11) lim sup = ws < Pre 
Too logT (r, F; ) ÀF, 


Thus the results follows from (3.8) and (3.11). 


Theorem 3.4. Let fı, fo,..., fn be such that O < Af, < pf < 00, where i = 2,3, ... n. Then 








[n—k+1] T F, [n-k+1) T F, 
Any < lim inf log (r, Fn) < 1< limsup tog (r, Fn) < PFs 
PF, r= oo logT (r, Fx) T—00 logT (r, Fx) ÀF, 


wherel<k<n-l. 


Proof. For given e (0 < € < min{A;,, i = 2 to n — 1}), we get from Lemma 2.7 for all 
large r 


log Als Fa) < log”! M(r, Fe) 


3.12 
( ) logT (r, Fr) — logT(r, Fx) 





+ o(1). 


log” =5+1T (r, Fn 


) 7 ` log!?] M (r,Fp) 
ToT F) < lim inf,_,,, 453» 


logT (r, Fx) 


log?“ T(r, Fn) 
3.13 lim inf sete 
es se aa Ta 


i.e., lim int, +. 





< 1( by Lemma 2.4). 


Also, 
log-+UT(r, Fn) > log?IM (ze, Fy) | o(1) 
logT (r, Fx) logT (r, Fx) 
_ logPIM (gee, Fk) logy 























: + o(1). 
log log (r, Fx) (1) 
Also for all large values of r and for arbitrary €, > 0, we have 
logT (r, Fk) < (Pr, + 1) logr. 
Since €, > 0 is arbitrary, so we have from above 
l [n-k+1] TP F, À 
(3.14) lim inf 2 Ea) ge 
r00 logT (r, Fr) PF, 
Also from (3.12), we get for all large values of r 
log"-*+IT(r, Fa) i log?IM(r, F)  logr - ofl) 
logT (r, Fx) T7 logr ‘logT (r, Fx) i 
log?! M (r, Fi) 1 | 
= logr ` logT(r,Fk) | o(1). 


logr 
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Therefore, 
log HIT (r, Fn) PR 
3.15 lim su Te Se 
( ) ae logT (r, Fr) T Ap, 
Again from Lemma 2.7 
(3.16) log" T(r, Fy) > logM(= Fi.) + O(1). 


From (3.3) we obtain for all large values of r,d > 0 and 0 < € < 1 and using Lemma 2.2 we 


get 
7 


4n-k’ rr (ar) 


logM( Fa) > (1 — e)(—— 


4n-k 
(1 — Ee) (g) T? 
(qh) tAn a) 





E E 
Z eE 


+6—-Ap, (r) 


because ròk is an increasing function of r. 


So by (3.2) we get for a sequence of values of r tending to infinity, 


a l-e 1 
——,F,)> : 
4n-k’ k) 2 1 + € (4n-k)Ar%, + 





logM( T(r, Fy) 


e 
ge Fr) > logT (r, Fk) + O(1). 


Now from (3.16) and (3.17) we obtain, 


(3.17) i.e, log?! M( 





log? OT (r, Fa) $ log?! M (z, Fx) 


logT (r, Fẹ) E logT (r, Fy) + o(1) 





log™-"+ T(r, Fn) 
3.18 So, li i 
ors) TOs ig. ORE Rph = 





So the theorem follows from (3.13), (3.14), (3.15) and (3.18). 


Theorem 3.5. Let fi, fo,..., fn be such that O < Af, < pr, < œ, where i = 2,3,...,n. Then 
form = 0,1,2,... 





À l [n-k+1] 7 F, l [n-k+1] 7 F, 
Fe < liminf og (r, Fn) < lim sup ae (r, Fn) < PR 


PF, r>œ  logT(r, F™) r>=œ  logT(r, F™) ~ AR 








where Be” denotes the m derivative of Fy and1 <k<n-l1. 
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Proof. For given e (0 < e < min{A;,, i = 2 to m}) we get from Lemma 2.2 and Lemma 
2.7 and also for all large values of r 
if 
4n-k? 
, Fk) + O(1). 


log? "IT(r, Fa) z (Afra z e)logM( Fr) t o(1). 
So, log"IT(r, Fy) > log? (oy 


So for all large values of r 


log”-*+0T (r, Fy) a logT (yx, Fr) + OU) 
logT (r, FQ) © logT(r, Fx”) 





log =*+0T (r, Fa) % logT (zx; Fk) log a 
log (rE) © logg log (7, FA") 


For all large values of r and arbitrary e > 0 we have 





(3.19) ie., + o(1). 


(3.20) logT (r, F™) < (pr, +€) logr. 


Since € > 0 is arbitrary, so from (3.19) and (3.20) we have 





[n—k+1] 7 F 
(3.21) tiene (22 i n) y Ame 
r>œ og hr F¥™) PF; 


Again from Lemma 2.7, for all large values of r 


log T(r, Fa) _ logPlM (r, Fy) 
logT (r, FX) ~ logT(r, FX) 


Also for all large values of r and arbitrary e (0 < € < àr,, k = 1 to n) we have 





(3.22) + o(1). 


(3.23) logT (r, FX”) > (Ar, — €) logr. 


Since € > 0 is arbitrary so from (3.22) and (3.23) we have, 





l [n-k+1] 7 F, 
(3.24) lim sup 2g us ) < An 
ro logT r, FE) Ar, 
Thus the results follows from (3.21) and (3.24). 


Theorem 3.6. Let fı, fo,..., fn be such that O < Af, < pz, < 00. Then for m = 0,1,2,3, ... 





| logIT (r, Fa) 
lim Gn) 
r= o0 T(r, F; ) 
for all n(> 2) and1 <k<n-1. 


= 0 
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Proof. From Definition 1.1 and Lemma 2.7 for all sufficiently large values of r and € > 0 


log? "T(r, Fa) < (P fezi a e)logM (r, Fx) + O(1), 


logM (r, Fy) < rk": 











and 
T(r, F) > rOrT9, 
So, 
log? =*+1T (r, Fa) Z log?! M (r, Fy) o(1) 
Ds ee 
(pr, + €) logr 
< TA o(1). 
Therefore, 


l [n-k+] T F, 
lim A ie = 0 
Too T(r, Fy ) 





Theorem 3.7. Let fı, fo,..., fn be such that 0 < Af, < p < œ and also pr, < œ (i = 
1 to n-— 1). Then form = 0,1,2,3,... 





o doal MT Fn) 
lim Gn) 
r— o0 T(er, Fg ) 
for all n(> 2) andl <k<n-1. 


=0 
Proof. From Definition 1.1 and Lemma 2.7 for all sufficiently large values of r and 
e(0<e< àr; i=1ton-— l1) 


log” "T(r, Fa) < (Pics T e)logM (r, Fx) t O(1), 


logM (r, Fy) < r?Fer* 














and 
Ap, —6) 
Tee, F) > oF 
So, 
[=k] + M(r,F; 
log a < (Pfii L k) | o(1) 
T(e", F; ) Tie. Fè ) 
(Pfi +6). PPR T 
< k+1 a | o(1). 
e” 

Therefore, 


log?-*IT(r, Fn) 
r= o0 T(e’, F) 





= 0. 
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